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OPTI'.IAL DOLPHIN SOARING AS A VARIATION PROBLEM
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Fi nl and

NOTAT I O N

c vertical vefocitry of the

v sailtLaners airspeed

w saihlan€r s v-ortlcal
vefoclty Ylth roEpect iro
anibioDt aj-r

u Eaillrlaner s v€rt1ca] veloc-gr lty !b respect to ground

INTRODUCTION

The fIi8ht technlque that orten
viefds the best result in cross-coun-
iry flyirr is Lhe Eo-'al.!"d "oo.Lprin
rno-ion" (i,e. pul l, ne t! :, li"',
div_np tlroush down, no i-^roal .ir-
cLins). T i '"chnicue i6 especiall)
eff-ocL,ve ir crouo.Lre"i Ily-ng, "-
ab inE long ois-an.'s of rhe course
to be covered in straiAht flieht
(the dofphin technique is a mode of
dynanic 6oaring).

In thi6 paper {e attack the lEob'
loD of nhtuur fught tlde lD dol-
nhin soarrna. .'le assume rhal th're
is no wind ;d Lhar lhe rnerral con-
ditlons are Siven along the course to
be flom. We further assume that the
6ai-Lplan.rs po-Ler ts knowr and th3t
Lhe 6a lplare js f1o'rn ia 6u.l- a wav
that the poLar equataon ie 6ai1sr1ed
all the time, l.e. no transients are

supposed to occur. Thus lhe sail-
plane goes contlnuousfy alonA the
polar iron one slationary flighl con-
oi Lio- o ano_ "r. TniE, of ^o!rse,
roquires deficate maneuvering.

lrr'e solve the nlninun flighl tine
probfenr by neans of the caLculus of
variarions, l.ie afso ap]rly the resuLt6
obtalned in the nur,rerical derivation
of the optimal airspeed policies nr
Ninbu6-2 on the ffight courses of trxo
sinple exanples.

SO LUT I ON OF THE
VA RI AT I ONAL PROBLEl,i

In the minimun tine probfenr, we
are to find a continuously differen-
tiable function y(x) (vefocity func-
tion) for whlch the intesraf

t\t
L= | r(,) dx (r)

"X1

rakes on a mini"urn value ar d for
which the constraint condit1on

-x^l= I ' G(x,y)dx = k (2)
I
'xl

vher6 k ls a prescribed con6tant,
is satlsfled.
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Consequent iy,
ti.onaf problefl we
equatlo!

to 6o1ve our varia-
6olve the Eufer- (5\o, * ./"',.]

dx

(F+ rG) = 0 o,

,,,/here ). ls a constant. We carry tr

h"ou6 Lhe ^alculatjon ar1. dalor-i'o

: , so -hal Lhe con.trarnl l' a* - I
'1i6 sati6fied.

fn order to ninimize the fliflht tlixefron the point x = xf to the point
have 'o 11'n'*:-- r'e ir :6-

'rel6r q. .6). on l,
it is often desirable to naintain a
constant altitude in the sense that!(x,) = r(x.) (o. ...en '.- ..d ]oir j
Lh-'alliL.os a. ra.l- var:.s), or
perhaps it is possible lo allolr a
srnall altitude dilfarence betwaen
the end points. This give6 us lhe

Ir"' 'n' u' = 
^

(1)

which by lqs. (4) and (9) cante. rn the forn

Consequently the !rob1-6n i6 as

(8)

folfons

(s)

*. /"'*

The prob:Lenr is clearfy the vari-
tlonal pioblen of Section I (the pola
equation glve6 n = w(v)), The solu-
tion of the problen is v* (x), lvhich
nr!in 7es F.e llie-l .:1. a.d sari-
lies the altituCe constraint. It is
also clear lor physical rea6on6 that
v" (x) is the ninirnizing 60lutior,
not the naximizinf, one. Thus we have
obtained the optlnal airspeed poficy
ln straiSht flight between the I)ointsx - xf ard x = 12. According to tfis
policy, as vre shatl see, the lilot
has to sfow down in fifts and hurry
o, jr d, s"..o'na a.-! Dup ro th 6
lact thi6 optimal technlque ha6 been
called the ndolphin noti onr.

OPT I TlAL DOLPHII{ SOARIIiG

It is customary in 6raphE,
reprea€ntitrg 6a.1lpla.D€6! po]ar6 co
consider the slnking rate w positive,
In this paper, however, we delinc
slnhlng a€ negative ln order'io avoid
.o.t usio.. Tr 16 no"ot -n. rra 1-
tion ulvards are positlve ard down-
v,'ard6 negative. If this a5reenrent is
kept in mind, we need not resort to
vector notation,

l,et the horizontaf distribution
o.l rh" verLical !-10.:LJ c'1po1-r' o"
ne a:r o" e-ven oy c (x) , vrl er- x 's

horlzontal distance from a reference
toint (horizontaL velocity conponent
of lhe air is zero, 1.e. no vlnd).
Then the sathlaners vertlcaf veloc-
1ty conponont rith roEpact to grgund

9.r
r/, )

vrhere lir i6 the sailplarers verlical
veloc:iy irn re p-c! Lo -ub:^r - a1r.
Since tne ^ailpfar-rs lorizonra va-
Ioclty rlth respect to ground 1lo eb-
se "- o'w 4d rs approxin.rleLy (1
?ood approximrtion) .qual ro ir6 air-
sleed, we can \llrj te

(5)

[" * -"r.r]= n
'"t

*.r.r: $ = m

^^ f,"'+ ,

dx

AE

Itrom !q. (5) ve obtain
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POLAR
OPTIMAL

EQUAT I ON AND
AIRSPEED POLICY

The points of a sail})lancts polnr.
r,r' = 1! (v) give th-. (v,\r)-combinaijols
rh.r, ac. rsli :1 d ". - ..t- a-.
gli.iinc NtateE. If the Dilot 

'alrtsto chanEe his €ailplanets 61ldins-i:tale, he must Lalie an actiorr ,,yhich
leads to tre chalije - in othcr rvords -

" jo ' .

subsiantial chanijc ir thc riliCinS
state and the action is abrulrl, a
transien: folfor',s 'netr,reen ihe f,lidinE
Gtatos uhcn ihe polar equatior, is not
saiisliet. Il, oa thc otiher hand, thc
pilo: oceratos 6lor,ly enou[h and corr-
tinuously, ro lransients lo11o,r ox
they arc so sliithL Lhat tlre:,. c.rlr Lo
ignorod. lrie assur:e thal sicorihl oc-
curs in this na]lrlcr'so tiaL lihe pclar
e.lRat:i.on is valid afl thc vaa,: throuih

Tne Aene|af :orn of ire polar

w=Av3 +Bv+c/v (11r)

\,/here A, I an(l C are coistaxts. In
tllc roit:Lon of the |lanilra. bucl.,.t|,
bhe ap])roxiratiorL

w=Av3+Bv (I1)

is ofien alp]i.il. t'Lrrlhcx for a .J'n-
nclricaL hcn\. ,r,rc caL Iiri.ie

(12)

lo./. /br, , s 1o..,r, o -rofo,- _
l': ' ,o' .orJ:.r lJ o' -LrL.. oj ro... .io Jr o .3m!1e, i e polrnonial

!r=Av2+Bv+c (11)

can succcssfully be fitred to a sai-t-
pl-u -l: !o11. .! 1, as ,,p
A: rccurs r o ,: . -p.s:! n.-
!".f." I i.- rooror r" ,. 1 11.(.,r. i.ron I j .. .: I 01 r- 5ur!....al rl.. pof:r 'qi" or i Ir"i oyEq. (11).

(1j;) the problen n o,,{
nxpression (9) )

*uncu"t'rlo, *

'' '' a ' t-' . co'
Lj o r' .1- - i- :o \ 

j) . .. 
_(..-

.r.L,.,.+c+c(,)lL"l = 0 (1s)

lririch ha.i ue solutio.

'(.) = V[-;;r lrll)r (16 )

The Laeranfe-lrullj.])fier ). (ust bo so
choscr Lhai the aliituCe const|aintis sati6lied. Substi:uLj_on ot liLt.(15) io the consirainL 1ea.l3 io aruncorfortablc inte[raf. For this rea-soi, 1ve ?rave lo alply nunericaf intc-
Ar3bion and sol',.e I by iterariol.

CASE 0F C(X) = e sin 1l
In ordcx lo prolrass fron this

!o h , r.6.rv o t \ '- I. c' onc(x', - or'. r
bela:oi-o t'plI'|.r:r _, a
diving throuah dor',n'r we nolv suppo..je
that

c(x) =6 sin q, (a >0, p= nx/a) (71)

dx

*." /*'[,
"t 

L

u {t
-1,

1,", (14)

Bv nq'
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thcn, oi course, nq. (16) takes the

,,u, = lE't"ha:;ll- (ro,

..., ootn A E.oC-- Fi . ). IJ .rei-
nore, to h,-ep v :inite, we have to
assune l ;0 lle afso assune rat
6 ' lcl.

(0, c)

Next, €uplose that L > 0. Thei
)"1 < 0, since A < O. Tn ordor r to
bo realr I'e nusi have I + I(C +6 sin,p)\ 0 for all.- p . lro-r r.:
\<-/rt-, in ol ior 1_ p:,
satiEfy tno cond:rtion C + 6 sin q >!.
A- " 

^ l: | , .he, r9r e, d- Dr-
C sintD:, >0,-roweo-ran
) t --ltL o! !'n-
oua assmption of I being postive. We
thus concfude that

(le )

IneqLrality (f9) and the fact ahar A < 0
shov that lA > 0. As v is reat: rve nust
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have 1+ IIC +i sin q] >O for a]] e.
From this vre write tr > -1,/ [C + a sjn p]
'or dl p.hd,.a tv Ie od:,i,..+' itro\0, ,n.n), d\l-r/Ln,''' ol ,r.enC r^s., p:0r:,6.t , --/t. ''. !.r're ^ s;, o o,
we have 1 + I[c + 6 sin a] >0, and v isredl ( IA > 0), As a sllIxnary ve wrte

Figure l. Polor lquation Appro^imd-
tior v{ - Avl + Bv r C. NotiLe Lnedireclior of the positive w-axi:.
Accordingly A <0 and C <0. The lineof dasl"es is the imagind.y exters io4
given oy t1e quddrd!ic appaoxi-ation.
The aooroximation is qood in the rE-
gion of the >)laminar buclets<<.

-rl[c+a]<r<o(6>lcl) (24 )

Now our constrdint lakes the form (see
Expxession (14) )

tzr

L^' 
. 

" -
c + A sr'n g

(2r)

+ ['"'l^ o. ' " " ,1o.,- 
^J\t'l

'or^ q. n l , ' o! i"r. . rsf"-o
f ,- n i L,v.- !J q,,..)."-r-

"r be o c'to a' rar dq' ( l) ''d'i fi.d, Tr f,q. ( r) Al ,F € pr"-
scrlbed constant. Since tr nust be de-
ternincll by iteralion, it lE usefufto notice tie range of I given by Ex-
pre6sion (20).

Tl,/0 EX AIIP LES

'l/e now chooEe Nimbus-2 as thesailplane. Irom (I) r,re obtain the
!o Lar data for Ninbus-2. According to'h' 'anLf3clur-r, rhe r:njmrr sir k
| : o, 8 1/s is acniFv.d aL . . \n/',A' ) A ^n/1, rnF 6intt raLp js .,)2
'/s. It w. 'ir it- ootJnonial ot eq.(l') 'o lhe daia i'i 6uch a wal -nar
'n- alj rox;nar- !u.ar .urve ha6 the
naxinun at 75 Yn/h, -a,U8 n/s afi
Co.s throuEh tlre point lbo km,/h,
-1,\: m./s .re obrain (r)
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tr. -4v2 + Bv + C, v>v

A = -0,001E66 s,/m

B = A,477?5
c = -r,zga n/s

st.atl = 64 krlh

{'"b".u*c+Qsinq] av=

S - -0,'o
(a?a)
(22b)
(22cJ

TABL E I.
NITlBUS-2.
RATE AI{D
RATE.

and v is in n/s. From Tabfe 1 we seclha' th. appcoxima ion q vF, oy lq^.(l'), (2'a), ('/o), ('2.) :s qui-e
satisfactory for our purlose.

(24)

rvhere v is aiven bJ nq. (18), All
the necessary constants A, B etc,,
have been given nunerical values. It
. oh y l-l o :x .o t.1 tq.('/ ) - \.1:o. -roio Ixlr, s:or (t0)

anC Eqs. (22c) a,ru (21) L,r. rrite

-f,41 s/m < I <0 (2s)

e-2,,4

Fi gure 2, Sinusoidal Vari ati on of
c(x).

In this interval I - -0,66 s,/n is
"orJi ro -a-i Iy Lq. ( ,). '.i
vaLue of I was accomplished by itera-
tion. In each step a value ol ). r'Ias
chosen and the inl;6ra1 of nq. (24)
,ra€ conputed by the nethoc of sin!so..
The iteration lras continued until the
'nrearal a:-sJned Lh^ valu' -0,1-o.l/lth r = -o."6 s,/n Eo. (-18) rir'
(A, c a'rd t ir- given-oy tqs. ( ^a)'
(22.), and (2J) r'aspp.!i/elJ) F\.
airsle.d va--Lation vt ( (,), ih:.1 is
tabuLar"d ir ,la01e 1. '1n t hn:qL-
of 'rpulfing u! in lift and dlving
through dovrnrris very clearly denon-
strated. The nlnirmrn airsleed is at-
tained at a = n/2 and lt is 75 I'-'n,/h 

'i.e. qulte near lhe 6ta1f velocily'
v/hich is 64 kn/h (?), Thus ih, alli-
lude decrease could not be sifnificani-
1y snalfer thar 70 rn. r'rhen 2a = 4 kn.
(jonsequent-Ly thas exarnlle also denon-
strates a situaiion, where the alti-
tude foss is minlmal.

POLAR AP P ROX I14AT I ON OF
11ac I5 THE ACTUAL SINK

r'rapp r THE APPR0XII{ATE SINK

v(kmlh) -wac(m/s) appr -

100

140

160

180

0,48

0,58

f,l-l

2)42

o ,4a

D,57

1,09

r,52

2,01

Let us further choose

(zt>

Exanlfe l. We now asEune lhat
we fly through a lift and the sub-
Eequent dovn of the curve c(x) =

z sin l n/s (see fiq, 2). then in Lq.

(21) evidently E = 0 and A2 = 2n. we

choose a = 2 kn and lh = -70 r (i.e.,
during the ff,ight of 4 ln the aftitude
is decreased by 70 n)' and so we v,rite
Eq. (21) to the form
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TABLE 2.
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AIRSPEED v* (e) 0F ExAMPLE l.

0 ,t/2 3\/4 5r/4 3r/2

x (kn)

v* ( kn,/h)

c(m/s)

o

f,40

0

0,5

98

!,4r4

1,0

75

2ro

7,5

98

1,414

2,O

140

0

17I

-r,414

3r0

fB3

-2,O

3,5

IlI

-t,4!4

4,O

t40

0

lxarnlle 2. 1[e next lly our Nin-
bus-2 through tl.-e Ult parl of c(x)
of Fj5ure 2 and choo.e Ah = O. Eq.
(21) now rca.ts

{ b".B.q+-:g-r]dq= o (26)

ll8ain v is Aiven by Dcr. (18). l.{orv
\'/ith I = -o, J0 s/n the intcaral of-q. (^ ) a:su*-^ ' 1e vrlu^ -0,oooJ-/
co Ltr' = -A,JO r/n v/i .I Co lor
the approxinate solution. Eq. (18)
Eives lrhe airsleed variation v* ( p),
vhich is tabulated in Table J. lfie see
that lo ninimize the flight tine
throu8h a slngle lilt vre are able to
fly with quite hi6h speeds, although

TABLE 3. AIRSPEED v*(e) 0F
EXA|.1pLt 2 _

S UM }44 RY

In th16 laper v/e have solved tlro
problen of ilininrun ilidht time in dy-
nanlc soaring by the appfication ol
calculus of variation€, The sailpfanc
is asEuraed to go lrom ono statlonary
l1;ih1 .o_oltlon lo ano hrc contj'1,-
oJs1y .o nat t poLar -qu1clor i
cati6fied aIl the Linc alonc the
course. Consequently all posslble
tranEients are ignored.

l] " optimal 1arslccd policy i-
derived by applylnA a quadratlc polar
equatlon approxiratlon. The applica-
l:on of th^ rifaxlirar bucka'rr apr$or'-
matlon oi nq, (1r) lvoutd lead to a
cubic root expression of the optinaf
airspead, i.e. no difficulties vould
have arised, if it had been applied.
i'Ie, hovie'rer, appfy the quaCratic polar
Fquatio- aJI'rox'"r-l ion, b^cauee ji .an
be li!-cd ro a sai lplancrs lo]ar 11.a
quite satisfactorily' and because the
square root (see Eq. (f5)) oporation
is nore oasily effected than the cubic
root oleration in manuaf nur,efical
calculations.

i?c treat the special case of sinu-
soidal lift vafiation and give two
examples, tbo firat of which clearfJ
damonEtrat es the oltlnaf rrdoiphln

0 n/4 t/2 3n/4

d(km,/h)

c (n/s )

r79

0

149

r,4r4

r35

2,A

149

r,4r4

f79

0
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